In minimal theories with extra spatial dimensions at scales µ 0 much lower than the conventional GUT scale, unification can give too-large predictions for α 3 (M Z ) given α 1 (M Z ) and α 2 (M Z ) as empirical input. We systematically study the effects of adding extra states above the compactification scale on running of the gauge couplings and find several simple examples that give unification where all α i (M Z ) are consistent with low-energy data. We study both the supersymmetric and nonsupersymmetric unification.
Introduction.
Theories with extra space-time dimensions arise naturally from superstrings. In particular, extra dimensions may appear at lower scales than the Planck scale, for example at the grand unified scale [1] . One can entertain the possibility that the compactification scale may lie much lower [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , perhaps as low as the TeV scale [13] where one could hope for experimental signatures in the foreseeable future.
For new dimensions lying within the TeV region striking signatures are expected, ranging from modification of the Newton's law of gravitation at submillimeter distances [13] , collider signatures [14] , large muon anomalous magnetic moment [15] , deviations of electroweak observables [16] and other phenomena [17] .
Such theories with compactification scale lower than the usual GUT scale of 10 16 GeV, strongly impact effects that are associated with scales higher than the weak scale such as proton decay, neutrino masses, flavor changing neutral currents, etc.
If one believes in gauge coupling unification, one can naturally ask how well such couplings unify. Once the gauge couplings cross the compactification scale their running changes from logarithmic to power-law [18] . For example, one can show that in the case with one N = 2 Higgs hypermultiplet above µ 0 [6] the beta functions in extra dimensions were such that the couplings still approximately unify albeit at the scale very near the compactification scale, because of the power-law running in extra dimensions. The unification is only approximate: given α 1,2 (M Z ) the prediction for α 3 (M Z ) depends on the number of extra dimensions and the compactification scale, but it is typically much higher than the experimental value as soon as the compactification scale is lowered below 10 16 GeV. For example, for one extra dimension, α 3 (M Z ) ≈ 0.13 at µ 0 = 10 14 GeV and goes up to α 3 (M Z ) ≈ 0.16 at µ 0 = 10 5 GeV. Their analysis was further refined at the two-loop level in [11] , where it was shown that α 3 (M Z ) was further increased. As we will show the situation is even worse in the minimal scenario with two Higgs hypermultiplets above µ 0 1 . One can adopt two attitudes to this situation. The first is simply to abandon unification. After all, SU (5) or SO (10) at scales lower than 10
16 GeV would simply be disastrous for the proton decay rate. Indeed proton decay is a delicate issue for these enlarged Kaluza-Klein dimensional theories.
But the second more constructive attitude is to try to fix unification with conventional means like adding extra states or scales, while disallowing proton decay on symmetry grounds. Unification into groups like SU (3) 3 or Pati-Salam, would avoid proton decay. Other solutions to avoid proton decay that merit further investigation include compactification defined on a Z 2 orbifold, where interactions that lead to proton decay vanish at the orbifold fixed points [6] or gauging and breaking an additional U(1) symmetry on a distant brane [4, 7, 9] .
In this paper we assume that the proton decay problem is dealt in some satisfactory manner and we concentrate on the issue of precise gauge unification. We systematically study for which additional field representations unification can be achieved. We assume that extra representations appear at the compactification scale µ 0 . We do not add any additional states at M Z . For the usual case without any extra dimensions couplings do unify in the MSSM to a high degree [19] , with the predicted strong coupling value α 3 (M Z ) ≈ 0.126 somewhat higher than the world average α 3 (M Z ) = 0.119 ± 0.002. The non-supersymmetric running with extra low lying states has been extensively studied since the early days [20] . One can also include extra matter at some new intermediate scale but we do not consider this possibility in this paper.
We study first the supersymmetric case and search all states that appear in irreducible representations of SU(5) up to dimension 75. We find several simple representations which predict α 3 (M Z ) within experimental limits. Since we are giving up the proton decay constraints and we are adding extra states, it is well justified to ask what happens in the nonsupersymmetric case as well. This case is taken up before we formulate our conclusions.
Supersymmetric Unification.
First we derive a simple condition on the beta functions at one-loop level that such extra states must satisfy. We then among those candidates, run the full two-loop analysis similar to Ref. [11] .
The evolution equations are [6] α
below the compactification scale µ 0 . Above µ 0 in a theory with 4 + δ dimensions we have
where b i = (33/5, 1, −3) are the MSSM beta functions,b i are the beta functions corresponding to the excited Kaluza-Klein states and
. In the minimal scenariob min i = (6/5, −2, −6) + η (4, 4, 4) 
come from contributions from excited Kaluza-Klein states of the standard model fields, including the gauge bosons, Higgs doublets and η chiral generations with η = 0−3. Allowing for η = 3 means that we allow also some generations to have no excited states. One may as well consider the possibility that some of the other standard model states have no KaluzaKlein excitations. Unification with only SU(3) × U(1) or SU(2) × U(1) or just U(1) in the bulk was considered in [12] . We will later consider also the possibility of putting different number of Higgs doublet hypermultiplets. The procedure is as follows. We will consider the addition of extra states above µ 0 which will change the beta functions tob
We proceed by first considering the one-loop part to find an analytic condition on ∆b i . For the candidates that most closely satisfy the approximate one-loop condition we do the two-loop analysis to find the predictions for α 3 (M z ). Now we require unification at a scale Λ > µ 0 . Combining equations (1) and (2) and eliminating α −1 (Λ) we get at one-loop
where
Notice that this formula actually tells us that the couplings would unify to the precision of the MSSM if B ij were not dependent on i and j, so that the curly bracket on the rhs would be a constant with the size of order ln
. Thus as a first approximation of unification we may consider the condition
For the minimal case (3) we have 
which signals non-unification. Indeed, as shown in Table 2 , α 3 (M Z ) gets higher as µ 0 is lowered and is already 0.16 at µ 0 = 10 14 GeV. Let us now assume that we add extra fields above µ 0 so that the beta functions get changed by ∆b i as in (4) . Applying the condition (7) translates into
with the right hand side being non-zero signaling the nonunification in the minimal case ∆b i = 0. In Table 1 , we list all the states that can be found in the lowest lying SU (5) multiplets (up to 75) that have the left hand side of the above equation between -30 and 30.
From Table 1 we see that some simple examples of states that perfectly rectify the one-loop gauge unification include two (1, 1) 1 pairs [7] ; or (1, 3) 1/3 and (2, 3) 5/6 pairs ; or (2, 1) 1/2 pair and a (1, 8) 
One still has to check for consistency conditions such as whether the couplings remain perturbative. We have performed a numerical, two-loop analysis similarly to Ref. [11] for the states with 5∆b 1 − 12∆b 2 + 7∆b 3 equal to or close to 12. The results are shown in Table  3 . From Tables 3a-3d , we note as expected that the combinations in (10) Tables 3e-3f we have also shown predictions for α 3 (M Z ) for some states which are close to the condition in (9) . Some of these states (these are the states that have 5∆b 1 − 12∆b 2 + 7∆b 3 higher than 12) have acceptable α 3 (M Z ) down to µ 0 at intermediate scales.
One could object to having states at intermediate scales which have exotic quantum numbers. However, such states are easily found in multiplets of grand unified theories, and indeed, in ordinary supersymmetric theories with more mass scales, it is easy to get extra light exotic states [21] . In any case, a complete unification program should have a complete theory, for which one computes the mass spectrum of states and performs the runnings. Analysis such as presented in this paper should be a guiding point in search for a more complete theory.
Let us also remark on the possibility that above µ 0 one adds or drops the Kaluza-Klein towers of Standard Model states. Of course, dropping or adding complete generations has no effect on unification except on the size of the coupling at the unification scale. The case where some of the gauge bosons are left out was studied in [12] . If we assume that there is only one Higgs N = 2 hypermultiplet above µ 0 in which case [6] 
and the unification condition corresponding to (9) is
For this case we have 
which signals approximate unification [6] . However as noted in [11, 12] , the approximate unification translates into α 3 (M Z ) as high as 0.116 − 0.117 for lower values of µ 0 . Again, from Table 1 , we see that for example addition of a pair (2, 3) 5/6 (which is also equivalent to adding (1, 1) 2 + (2, 3) 1/6 pairs) would unify just as in the MSSM. The predictions for α 3 (M Z ) are shown in Table 3h , where we see again that, for lower values of µ 0 , α 3 (M Z ) gets even in better accord with experiment than MSSM. Another possibility that satisfies (12) is the addition of (3, 1) 0 + (2, 3) 7/6 pairs, shown in Table 3i , with similar behavior. Another candidate (not shown in Tables) that satisfies (12) , which is pairs of (2, 1) 1/2 + (2, 8) 1/2 , quickly reaches the non-perturbative regime (similar to Table 3c ), so that the predictions at µ 0 below 10 15 GeV or so become unreliable. Finally, one can also consider the case where the MSSM Higgs doublets have no KaluzaKlein towers. In this case the beta functions in (3) change tõ
In contrast to the minimal case (3) (see also Table 2 ) here we note that with no extra states the prediction for α 3 (M Z ) is lower as µ 0 goes down, and we find for this case α 3 (M Z ) = 0.119 around µ 0 = 10 15 GeV. We see from Table 1 , that, again, it is easy to find simple extensions for which unification is guaranteed for all scales µ 0 (for example by adding (2, 3) 1/6 +(1, 3) 2/3 pairs).
Nonsupersymmetric Unification.
As we saw in the supersymmetric case, unification with extra dimensions at lower scales requires extra states at intermediate scales. Also one needs to get rid of the proton decay either by a non-SU(5) unification or some stringy argument. Thus with the introduction of intermediate scales and not taking into account limits from proton decay, one can then ask why not do away with supersymmetry altogether and study nonsupersymmetric unification.
In Ref. [6] it was actually pointed out that nonsupersymmetric unification is indeed possible with extra dimensions if one adds extra states at µ 0 . In this Section we study this issue more systematically. We find that it is very easy to find simple representations which unify the gauge couplings.
The procedure will be somewhat different than in the supersymmetric case, since the Standard Model does not unify and one cannot use equations (7). Here we study unification only at one-loop. Eliminating α −1 (µ 0 ) we get from (1) and (2) α
where we have assumed unification at scale Λ, and b i = (41/10, −19/6, −7) are the standard model beta functions. Similarly to the supersymmetric case, we assume that the couplings unify with addition of some extra matter at the scale µ 0
whereb min SM i = (1/10, −41/6, −21/2). The procedure now is as follows. From Table 4 , we use the ∆b i for all the states (scalars or fermions) that can be found in SU(5) mulitplets up to the representation 75.
Then from the three equations (16) we can find the solutions for α −1 (Λ), Λ and Λ/µ 0 in the form
where det = 
The condition for perturbative unification is α −1 (Λ) > 1, while the requirements 1.0TeV < Λ < M P l and Λ/µ 0 > 1 give respectively 0.4 < 1 2π ln Λ M Z < 6.2 and det > 0. In particular the inequality det > 0 tells us that we need a nontrivial SU(2) quantum number, since in det the factor 1/15 is too small and only ∆b 2 has a positive coefficient. Indeed, if we look at the Table 4 , in the last column one can see that there is no unification for any SU(2) singlet states or for most of the SU(2) doublet states. However, once the states do obey the above inequalities, one can always find values for Λ/µ 0 and δ for which unification takes place.
In Table 5 we list the five states with lowest Λ. The first case in Table 5 with one extra fermion (4, 1) 3/2 has a µ 0 which is too close to the weak scale and is ruled out empirically. However, the other states which can have µ 0 in tens of TeVs are perfectly allowable. Other states listed in Table 4 that do have unification at intermediate scales might be relevant for indirect signals, like neutrino masses. The highest Λ found is for an extra fermion (3, 6) 1/3 and it is Λ = 1.3 × 10 14 GeV. Thus we see that there are many possible minimal extensions of the nonsupersymmetric models for which we have an intermediate unification.
Conclusions.
Lower mass extra dimensions offer the prospect of experimental tests such as submillimeter modification of gravity, missing energy in collider experiments, and departures from the Standard Model, in the foreseeable future.
We have shown that with enlarged extra dimensions, unification of the gauge couplings can be maintained in the supersymmetric case by including certain extra states which have been identified by examining systematically all of the SU(5) irreducible representations up to the 75. In fact, the unification can be even more accurate than in the MSSM where the value of α 3 (M Z ) is slightly high (α 3 (M Z ) ≃ 0.126) compared to the data (α 3 (M Z ) = 0.119±0.002).
Similarly "perfect" unification has been demonstrated in the non-supersymmetric case. After all, since the gauge hierarchy has been itself ameliorated by the enlargement of the extra dimensions, the motivation for supersymmetry has been correspondingly weakened. Thus, the non-SUSY possibility becomes of more interest.
In our opinion, the Achilles heel of this whole approach lies in the subtle question of the proton stability. On one hand this could of course be cured by a suitable choice of a unification group. On the other hand, the mechanisms that avoid proton decay proposed in the literature, while plausible, certainly merit further investigation for their consistency.
With that one caveat, we feel that the idea of the enlarged Kaluza-Klein dimensions is a very exciting one, particularly as it inspires new insights into old theoretical prejudices.
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Note added: After completion of this paper, an article [22] has been brought to our attention, which has some similarity to the part of our work in the supersymmetric case. Table 3a : Two extra (1, 1) 1 pairs above µ 0 : two-loop predictions for α 3 (M z ) and α(Λ).
SU(2) × SU(3)
Inputs are the number of extra dimensions δ and ρ ≡ ln(Λ/µ 0 ). Number of chiral generations with Kaluza-Klein towers has been set to zero (η = 0). The extra state has 5∆b 1 − 12∆b 2 + 7∆b 3 = 12. Table 3c : Extra (2, 8) 1/2 pair above µ 0 : two-loop predictions for α 3 (M z ) and α(Λ).
Inputs are the number of extra dimensions δ and ρ ≡ ln(Λ/µ 0 ). Number of chiral generations with Kaluza-Klein towers has been set to zero (η = 0). The extra state has 5∆b 1 − 12∆b 2 + 7∆b 3 = 12. Table 3e : Extra (1, 3) 1/3 pair above µ 0 : two-loop predictions for α 3 (M z ) and α(Λ).
Inputs are the number of extra dimensions δ and ρ ≡ ln(Λ/µ 0 ). Number of chiral generations with Kaluza-Klein towers has been set to zero (η = 0). The extra state has 5∆b 1 − 12∆b 2 + 7∆b 3 = 9. Table 3f : Extra (1, 3) 2/3 pair above µ 0 : two-loop predictions for α 3 (M z ) and α(Λ).
Inputs are the number of extra dimensions δ and ρ ≡ ln(Λ/µ 0 ). Number of chiral generations with Kaluza-Klein towers has been set to zero (η = 0). The extra state has 5∆b 1 − 12∆b 2 + 7∆b 3 = 15. Table 3g : Extra (2, 1) 3/2 pair above µ 0 : two-loop predictions for α 3 (M z ) and α(Λ).
Inputs are the number of extra dimensions δ and ρ ≡ ln(Λ/µ 0 ). Number of chiral generations with Kaluza-Klein towers has been set to zero (η = 0). The extra state has 5∆b 1 − 12∆b 2 + 7∆b 3 = 15. Table 3i : Case with only one Higgs hypermultiplet and extra (3, 1) 0 +(2, 3) 7/6 pairs above µ 0 : two-loop predictions for α 3 (M z ) and α(Λ). Inputs are the number of extra dimensions δ and ρ ≡ ln(Λ/µ 0 ). Number of chiral generations with Kaluza-Klein towers has been set to zero (η = 0). The extra states have 5∆b 1 − 12∆b 2 + 7∆b 3 = 3. ln(Λ/M Z ) where nonsupersymmetric unification does occur, either with one extra scalar (S) or one fermion pair (F) at µ 0 .
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